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Making use of the classical second moment sum rule, it is possible to convert a series of constant-Q
x-ray Brillouin scattering scans (Q momentum transfer) into a series of constant frequency scans
over the measured Q range. The method is applied to literature results for the phonon dispersion in
liquid vitreous silica and in glassy polybutadiene. It turns out that the constant frequency scans are
again well fitted by the damped harmonic oscillator function, but now in terms of a Q-independent
phonon damping depending exclusively on the frequency. At low frequency, the sound velocity and
the damping of both evaluations agree, but at higher frequencies one gets significant differences.
The results in silica suggest a new interpretation of x-ray Brillouin data in terms of a strong mixing
of longitudinal and transverse phonons toward higher frequencies. The results in polybutadiene
enlighten the crossover from Brillouin to Umklapp scattering.
PACS numbers: 78.35.+c, 63.50.Lm
Our knowledge of the sound waves at and above the
boson peak in glasses is to a large part due to x-ray Bril-
louin scattering measurements [1–5], which allow to see
the longitudinal part of the sound wave motion in the fre-
quency range between 2 and 20 meV. The experimental
arrangement makes scans of S(Q,ω) at constant momen-
tum transfer Q much easier than constant-ω scans [3]. It
is usual to fit such a constant-Q scan in terms of the
damped harmonic oscillator function, the so-called DHO
S(Q,ω)
S(Q)
= fQδ(ω) +
1− fQ
pi
Ω2QΓQ
(ω2 − Ω2Q)
2 + ω2Γ2Q
. (1)
Here symbols with the indexQ depend on the momentum
transfer Q, but not on the frequency ω. ΩQ is the sound
wave frequency, which defines the sound velocity cQ =
ΩQ/Q at this Q; ΓQ is the damping of the sound wave,
and fQ is the elastic (in liquids quasielastic) fraction of
the scattering at this Q.
The weak point of this evaluation is the following: The
strong damping which one fits to the sound waves above
the boson peak is not a real physical damping of the vi-
brations at the sound wave frequency. Instead, it reflects
a deviation of the eigenvectors from a perfect sine func-
tion in space. Thus, it is not a damping for all frequencies
at fixed Q, as supposed by eq. (1), but rather a distribu-
tion of sound wave vectors around an average one at the
given frequency. It is a property of the frequency win-
dow rather than a property of the momentum transfer
window. In fact, this weak point can be directly seen at
larger Q, where the DHO fit has too much intensity close
to the elastic line [1].
On the other hand, at most points in the relevant
(Q,ω)-space, the DHO manages to fit the data very well.
Thus it certainly supplies a good parameter set for the
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description of S(Q,ω). The question is only whether the
parameters are indeed meaningful.
Fortunately, it is easy to translate a set of DHO
measurements at a series of different Q into the set of
constant-ω scans which one would like to have. One notes
first that for a DHO (1− fQ)S(Q) is fixed to the value
(1 − fQ)S(Q) =
kBT
Mc2Q
(2)
by the classical second moment sum rule [6]
∫
∞
−∞
ω2S(Q,ωdω =
kBTQ
2
M
, (3)
where M is the average atomic mass.
With this equation, one can calculate a constant-ω
scan of S(Q,ω) for any ω in absolute units, each DHO-
scan supplying a point at its Q-value. The result is best
plotted in terms of the dimensionless dynamical structure
factor Fω(Q) defined by
Fω(Q) =
Mω3S(Q,ω)
kBTQ2
, (4)
which in terms of the DHO parameters is given by
Fω(Q) =
1
pi
ΓQω
3
(ω2 − Ω2Q)
2 + ω2Γ2Q
. (5)
Fig. 1 shows scans of Fω(Q) for the beautiful Brillouin
x-ray data of Baldi, Giordano, Monaco and Ruta [5] in
vitreous silica at 1620 K. In such scans, the broadening
of the phonons in Q can be directly seen in their own
frequency window.
In order to fit these data, one uses the dynamic struc-
ture factor of a damped longitudinal phonon [6, 7]
Fω(Q) =
fω
pi
(Γω/ω)Q
2Q2B
(Q2 −Q2B)
2 + (Γω/ω)2Q4
(6)
2which is again the DHO, but now with parameters which
no longer depend on Q. Instead, they depend on ω as
they should (remember that the phonon broadening is a
property of the phonon in a given frequency window, be-
cause it corresponds to a broadening in wavevector space
and not in frequency). The Brillouin wavevector QB de-
fines the frequency-dependent longitudinal sound veloc-
ity cω = ω/QB.
As seen from Fig. 1, one gets excellent fits with eq. (6).
However, one can no longer reckon with the normaliza-
tion property of the second moment sum rule. Therefore,
one needs not only the two parameters cω and Γω, but an
additional normalization factor fω as well. fω is found
to decrease from 1 at low frequency to 0.75 at 25 meV,
showing a slow disappearance of the acoustic correlation
toward higher frequencies.
The fitting in terms of the three parameters fω, cω
and Γω works so well that one even gets reliable numbers
when the phonon peak begins to leave the measured Q-
range, as in Fig. 1 (e). The fitted values for cω and Γω
are plotted in Fig. 2. Below 10 meV, the exchange of
scattering laws does not bring anything new: The new
parameters cω and Γω agree within experimental error
with the old cQ and ΓQ determined directly from the
DHO scans. Nevertheless, even at these low frequencies
the exercise is useful: It is not enough to know, one must
also know that one can trust what one knows.
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FIG. 1: Constant-ω scans of the dynamic structure factor
Fω(Q) calculated from the x-ray Brillouin scattering data of
Baldi et al [5] in vitreous silica at 1620 K. The lines are fits
in terms of eq. (6).
Between 10 and 25 meV, the new evaluation reveals not
only a smaller damping of the phonons, but also a marked
increase of the sound velocity with increasing frequency.
A similar result has been obtained in the conventional
way in glycerol [4], though there the initial decrease of
the sound velocity is more pronounced than in silica and
the subsequent hardening is less pronounced. This will
also be seen in our second example, polybutadiene.
The initial decrease and the subsequent hardening of
the sound velocity can be understood by considering a
mechanism which so far has not been taken into account,
namely the possible interaction between longitudinal and
transverse sound waves. The reason for the damping may
be controversial, but whatever it is, the damping mech-
anism affects both longitudinal and transverse phonons.
Thus one must expect a coupled longitudinal-transverse
mode as soon as ΓQ is of the order of the difference of the
sound wave frequencies at the given Q (or, what amounts
to the same, the wavevector broadening becomes of the
order of the wavevector difference of longitudinal and
transverse phonons at the given frequency ω). This cou-
pled mode will be expected to consist to one third of
longitudinal and two thirds of transverse modes, because
there are two transverse modes.
In fact, if one extrapolates the measured values for the
high frequency sound velocity in Fig. 2 (a) back to the
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FIG. 2: Comparison of the DHO results of Baldi et al [5]
(open symbols) with those fitted here (full symbols) for (a)
the sound velocity in units of the longitudinal light scattering
Brillouin sound velocity cl (b) for the damping ratio Γ/ω.
3frequency zero, one arrives at the point corresponding to
a sound velocity cl/3 + 2ct/3, the sound velocity which
one expects for a mixed mode which is one third longi-
tudinal and two thirds transverse.
This finding suggests the following interpretation of the
data: There is a marked increase of the sound velocities
with increasing frequency at all frequencies. However,
at small frequency this increase is masked by the grad-
ual transformation of the longitudinal sound waves into
mixed ones, which leads to a concomitant increase of the
wave vector of the mixed phonon in a Brillouin scattering
experiment. In glycerol [4], this wavevector increase even
overcompensates the hardening, leading to an apparent
softening of the phonons with increasing frequency at the
beginning of the dispersion curve.
The fit of the silica data in Fig. 1 leaves an important
open question: Why does one not see any indication of
the Umklapp scattering, which dominates the dynamic
structure factor at higher momentum transfer? Natu-
rally, x-ray scattering is coherent scattering, but if we
had incoherent scattering, then in the one-phonon ap-
proximation
Sinc(Q,ω) =
kBTQ
2
2M
g(ω)
ω2
, (7)
where g(ω) is the vibrational density of states. This leads
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FIG. 3: Constant-ω scans of the dynamic structure factor
Fω(Q) calculated from the x-ray Brillouin scattering data of
Fioretto et al [9] in polybutadiene at 140 K. The continuous
lines are fits in terms of eq. (6) with an added Umklapp term
(the dashed lines in (c) and (d)) as explained in the text.
to the constant dynamic structure factor Finc
Finc =
1
2
ωg(ω) (8)
around which the coherent dynamic structure factor os-
cillates at higher Q.
For vitreous silica, g(ω) has been measured [8] at 1673
K, close enough to the temperature of the x-ray Brillouin
experiment [5] of 1620 K to calculate a reliable Finc. The
values are shown by arrows in Fig. 1 (c) and (d), where
they begin to be of the order of the measured ones. Why
is it then possible to evaluate the data without any Umk-
lapp contribution?
The question is answered by the evaluation of Brillouin
x-ray data for polybutadiene [9] in Fig. 3. In this case,
the data stretch to higher Q-values and the Umklapp
scattering becomes indeed visible at higher momentum
transfer in Fig. 3 (c) and (d). But even though one mea-
sures at more than twice the momentum transfer of Fig.
1, the Umklapp scattering is still a factor of six to seven
weaker than the Finc calculated from a measurement [10]
of g(ω) at 140 K.
The reason for this is the fact that the coherent scat-
tering from any vibrational eigenmode must begin with
Q4, because the sum over the atomic displacements in
the mode equals zero due to momentum conservation.
This implies that the coherent dynamic structure factor
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FIG. 4: Comparison of the DHO results of Fioretto et al [9]
(open symbols) with those fitted here (full symbols) for (a)
the sound velocity in units of the longitudinal light scattering
Brillouin sound velocity cl (b) for the damping ratio Γ/ω.
4Fω(Q) begins with a Q
2-term. Obviously, in the momen-
tum transfer range of Fig. 1 and Fig. 3, one is still in this
initial region and can fit the Umklapp scattering with an
additional fUQ
2. This has been done for the data of Fig.
3. The dashed curves in Fig. 3 (c) and (d) show the
Umklapp contribution alone.
Fig. 4 compares the resulting sound velocities and
dampings with those obtained by the conventional evalu-
ation. Again, the new evaluation provides more accurate
data for the sound velocity, showing the initial softening
and even a subsequent small hardening. The hardening,
however, is barely seen, similar to the findings in glycerol
[4].
From the two examples shown, it is obvious that one
gets more (and more accurate) information from the new
evaluation method proposed here, not only because it
is better adapted to the physics, but also because it al-
lows for a quantitative combination of several constant-Q
scans to calculate the dynamic structure factor on an ab-
solute scale. For future experiments, it is naturally not
necessary to fit with the DHO, because one can apply the
second moment sum rule directly to the measured data.
This should allow to extend the method beyond the Bril-
louin scattering range, where the data are no longer well
fitted by the DHO.
To conclude, the classical second moment sum rule al-
lows to calculate constant energy Brillouin scans from
damped harmonic oscillator fits of constant-Q scans. Ap-
plying the method to measurements in liquid vitreous
silica, one finds a pronounced hardening of the Brillouin
phonons at higher frequency, which suggests a radical
change of previous interpretations. Instead of an es-
sentially frequency-independent or even softening sound
velocity, it now appears that one has to reckon with
a marked hardening towards higher frequencies in the
whole frequency range, a hardening which is only masked
at the beginning by the mixing process of longitudinal
and transverse phonons. The Umklapp scattering, not
yet visible at the low momentum transfer of the vit-
reous silica scans, could be identified in measurements
of polybutadiene at higher momentum transfer and was
found to be surprisingly low in the Brillouin range.
[1] B. Ruffle´, M. Foret, E. Courtens, R. Vacher, and G.
Monaco, Phys. Rev. Lett. 90, 095502 (2003)
[2] B. Ruffle´, G. Guimbretiere, E. Courtens, R. Vacher, and
G. Monaco, Phys. Rev. Lett. 96, 045502 (2006)
[3] C. Masciovecchio, A. Mermet, G. Ruocco and F. Sette,
Phys. Rev. Lett. 85, 1266 (2000)
[4] G. Monaco and V. M. Giordano, Proc. New York Ac. Sci.
106, 3659 (2009)
[5] G. Baldi, V. M. Giordano, G. Monaco, and B. Ruta,
Phys. Rev. Lett. 104, 195501 (2010)
[6] J.-P. Hansen and I. R. McDonald, Theory of simple liq-
uids, 2nd ed. (Academic Press, New York 1986). Second
moment sum rule: ch. 7.4, eq. (7.4.40), p. 220; Rayleigh-
Brillouin scattering: ch. 8.5, p. 275 ff.
[7] J. P. Boon and S. Yip, Molecular Hydrodynamics, (Mc-
Graw-Hill, New York 1980), ch. 6
[8] A. Wischnewski, U. Buchenau, A. J. Dianoux, W. A.
Kamitakahara, and J. L. Zarestky, Phys. Rev. B 57, 2663
(1998)
[9] D. Fioretto, U. Buchenau, L. Comez, A. Sokolov, C. Mas-
ciovecchio, A. Mermet, G. Ruocco, F. Sette, L. Willner,
B. Frick, D. Richter, and L. Verdini, Phys. Rev. E 59,
4470 (1999)
[10] U. Buchenau, Prog. Theor. Phys. Suppl. 126, 151 (1997)
